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Abstract-It is a difficult problem to establish useful results on positivity of solutions of semi- 
linear dissipative partial differential equations containing differential operators of order higher than 
that of the Laplacian. Positivity results are of importance in some fields of applied mathematics, 
such as in mathematical biology, where positivity of solutions is often needed because of the mod- 
elling application. In this paper, we first obtain ladder estimates for a particular class of semilinear 
dissipative partial differential equations, through which one can find conditions which will at least 
ensure that solutions are eventually (i.e., asymptotically) positive. @ 1998 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
An important question in the study of the behaviour of solutions of dissipative partial differ- 
ential equations is whether solutions with positive initial data will remain positive at any later 
time. In dissipative equations such as reaction-diffusion equations where the highest order dif- 
ferential operator is the Laplacian, it is often possible to establish positivity results by using the 
maximum-principle [l]. However, when studying dissipative partial differential equations con- 
taining differential operators of higher order than that of the Laplacian, the maximum-principle 
does not apply and, consequently, establishing results on positivity of solutions is a much more 
difficult problem. In this paper, we shall investigate a particular class of dissipative partial dif- 
ferential equations which possess a uniform steady state solution. For this class, we shall prove 
under a certain condition that solutions are eventually (asymptotically) positive. 
Positivity of solutions is important in many fields of applied mathematics, especially in math- 
ematical biology and in particle dynamics. In such fields, the solution of the equation may 
represent some physical quantity that cannot be negative, so a basic requirement of any realistic 
model is that its solutions should remain positive for all time. The present paper only establishes 
asymptotic positivity of solutions of our equation. Nevertheless, such a partial result constitutes 
progress in an equation where maximum principles are not available. 
The class of equations which we study naturally extends the result on (asymptotic) positivity 
of solutions already established for a particular equation [2], ( see also [3]). We shall consider the 
equation 
Ut = -a(-l)“V% + U - lU1%, 9 > 0, (1) 
where (Y is a positive parameter, k is a positive integer, and u is a scalar valued function of 
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(x:,t> E [O, lld x [O, m), w h ere d is the number of spatial dimensions. The boundary conditions 
are periodic. 
We define a set of quantities in d spatial dimensions as follows: 
(2) 
where n is any positive integer and the integration is over the spatial domain R := [O,lld. 
Differentiating the H, with respect to time and inserting for Ut the right-hand side of (l), we 
obtain, after some manipulation (for details, see [3-5]), 
where the dot denotes differentiation with respect to time, ]] . Iloo is the supremum norm, and, 
throughout the entire paper, we will denote by c any constant that depends on n, k, and d only. 
We shall refer to (3) as the ladder inequality. It can be used to establish regularity and global 
existence provided we have dynamical control over ]]u]]&, and also over the bottom rung of the 
ladder, which may be He or some higher norm depending on the number of spatial dimensions. 
2. POSITIVITY OF SOLUTIONS 
In this section, we are going to show that solutions of our model, with arbitrary initial data, 
will eventually be positive (positive for all t exceeding some finite value). Our strategy first 
involves centering the equation on the uniform steady state solution u E 1 and then showing that 
for all t sufficiently large, solutions of the transformed equation are bounded (in absolute value) 
by unity. We therefore introduce v(x, t), defined by 
u(x, t) = 1+ v(2, t), (4 
where u satisfies (1). If the function v(z, t) satisfies 
then clearly u is a nonnegative function. Substituting (4) into (l), we obtain for v the equation 
Vt = -o(-l)“V% f 1 + v - 11 + v12q(1 + v). (5) 
To keep the algebra simple, we shall assume that q is a positive integer. The generalisation to 
noninteger q is straightforward but a little messier. When q is an integer, (5) reads 
vt = -a(-l)“Pv+ 1 +v-~c(j,q)v2q-~(l +v) 
j=O 
(6) 
or, after some simplification, 
29-l 
vt = --cI(-I)~~~~v - C c(j, q) [2+--j + +-j+l] . 
j=O 
(7) 
We need to find conditions which will ensure that moo I 1, where the overbar is defined by 
Jj := li~s~p~(t). 
--* 
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This is sufficient, to ensure asymptotic positivity. Our strategy is to first obtain an appropriate 
ladder for equation (‘7), and then to use the ladder to estimate 11011, such that moo 2 1 is 
satisfied. We start by defining quantities similar to the H,, namely, 
J, := IlV”v(l; = /(V’%J)~ dz. (8) 
Using the same strategy as we previously applied to the H,, we obtain 
f j- = -cd,+,, - ‘g ~($9) [/(V%) (Vnw2*-j) dz + /(V’%) (V’%J~~-~+~) dr] . (9) 
j=o 
To handle the nonlinear terms, we first expand Pv~Q-~ using the Leibniz formula, and then we 
use the H6lder and the Gagliardo-Nirenberg inequalities as for the H,. The final result reads [4,5]: 
In order to estimate m2 M, we again use an interpolation inequality, namely, 
-2 -d/2n - (2n-d)/2n 
IbJll, I c J, Jo (11) 
This inequality is valid whenever n > d/2. As we are seeking conditions which ensure m: I 1, 
we want. to control the terms which give the largest contribution to the value of ML. There- 
fore, we take into account only the leading order terms of the inequality (10). Hence, we can 
approximate it, by 
(12) 
Also, we know that (see [4]) 
j”+q)lq 
(13) 
where q 5 n. Therefore, for q = n, we obtain 
Jl+kln 
-Jn+k 5 -L. 
Jkh 
0 
Using (13) for the J, and ML I c~$2n~d2n-d)‘2n, one can see that for the time asymptotic 
behaviour of J,, we obtain 
-(2k+(2n-d)q)/(2k-dq) 
7, I c JO Q2n/(2k-dq) ’ (14) 
Thus, we have to obtain estimates for the bottom rung of the perturbed ladder, namely, for 
JO = S vu2 dz. Differentiating with respect to time and inserting for Vt the right-hand side of (7), 
we get 
;& = -dk - ‘g c(j, q) [ / v2q-j+’ + .2q-j+2 ds] , 
Again to leading orders in v, we obtain 
;jo = -aJk - (29 + 1) 
s 
u2q+l dz _ 
s 
212q+2 &a. 
(15) 
(16) 
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Applying a Holder inequality to (2q + 1) s(v 2q+1) dx and then a Young inequality, we obtain 
& + 1) J u2q+l dx 5 s / (+l+2) dx + ‘2q; ;)$2. 
Substituting into (16) and neglecting the negative definite term --cuJk, we finally obtain for To 
Jo 5 (2q + Q2. (17) 
Using (14), we obtain, for J,, 
J&c l &WPk-dq) * (18) 
To evaluate (ll), we use (17) and (18) obtaining 
-2 
IltJll, 2 c 
1 
(yd/W+G) * (1% 
For asymptotic positivity of solutions, we require m: 5 1, and this will be true if 
1 
< 1. ’ ad/(2k-dq) - (20) 
Thus, the final condition for solutions to be asymptotically positive has the form 
o I c(k q, d). (21) 
This is the only condition required. Asymptotic positivity is assured for arbitrary initial data, 
but the solution may go negative during the transients. 
REMARK 1. The set of equations given in (1) can be readily generalized to 
k-l k-l 
‘Ilt = -ak(-l)“V2”U + c CEj(-l)jV2j, + ‘U - c v2ilu(2qu, 
j=l i=o 
4 > 0, (22) 
where ok > 0. In this equation, the highest-order term -(rk(-1)“V2”u will always have a 
stabilizing effect. Individual terms in the sum ctli oj(-l)jV2ju may be destabilizing (oj > 0) 
or stabilizing (oj < 0). 
REMARK 2. The ideas presented in this paper should also in principle be applicable to the 
Cahn-Hilliard equation [6], namely, 
T&t = -vv4u + 02f(u), v > 0, (23) 
where f is a polynomial of order 2p - 1: 
2p-1 
f(u) = C UjUj, 
j=l 
the positive integer p I 2 and the leading coefficient ozP_i > 0. 
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